It is verified that, at small Zeeman energies, the charged excitations in the vicinity of 1/3 filled Landau level are skyrmions of composite fermions, analogous to the skyrmions of electrons near filling factor unity. These are found to be relevant, however, only at very low magnetic fields.
A. Introduction
Since the discovery of the fractional quantum Hall effect (FQHE) [1] , the nature of various states of interacting electrons confined to their lowest LL has been a subject of great interest.
Recently, a new theory is being explored according to which the system of strongly correlated electrons at magnetic field B maps on to a system of weakly interacting composite fermions at an effective magnetic field B * = B − 2mρφ 0 , where m is an integer, ρ is the electron density, and φ 0 = hc/e is the quantum of flux [2] . The wave functions for the composite fermions are constructed by multiplying the wave functions of weakly interacting electrons at B * by the Jastrow factor j<k (z j − z k ) 2m , where z j = x j + iy j denotes the position of the jth electron [2] . This simple theory successfully provides a detailed and unified description of various liquid states of electrons in the lowest Landau level (LL), in particular, of spinpolarized incompressible FQHE states and their charged and neutral excitations [2, 3] , the compressible state at and near 1/2 filled LL [4] , and incompressible odd-denominator FQHE states at small Zeeman energies [5, 6] . The last case is of relevance since the Zeeman energy is quite small in GaAs, and there exists good experimental evidence that many FQHE states in low-density samples are not fully polarized [5, 7] . The ground state at 1/3 is, however, fully polarized even in the absence of Zeeman splitting, and is well described by the Laughlin wave function [8] , which is interpreted in the composite fermion (CF) scheme as one filled LL of composite fermions. Nakajima and Aoki [9] have shown that the (neutral) spin-wave excitation at filling factor ν = 1/3 can be quantitatively understood as the spinwave excitation of composite fermions at CF filling factor ν * = 1. This Communication demonstrates analogous behavior for the (charged) skyrmion excitation near the 1/3 filled LL at zero Zeeman energy. A 'hard-core' trial wave function is found to be rather accurate, and allows an estimation of the number of reversed spins in the CF-skyrmion as a function of the Zeeman energy.
It is convenient to use a spherical geometry [10] , in which N electrons move on the surface of a sphere under the influence of a radial magnetic field. For N φ flux quanta threading the surface of the sphere, the degeneracy of the lowest LL is 2(N φ + 1), where the factor of 2 originates from the electron spin. According to the composite fermion theory, interacting electrons at flux N φ resemble weakly interacting composite fermions at flux
The 1/3 state occurs at N φ = 3(N − 1), which, relates to composite fermions at N *
corresponding to a CF filling factor ν * = 1.
The quasiparticle (quasihole) of the ν = 1 or state is obtained by decreasing (increasing) the flux N φ by one unit. At large Zeeman energies, the quasiparticle (QP) involves reversal of a single spin, and the quasihole (QH) state is fully polarized. However, the spin configuration at small Zeeman energies is rather unusual, involving a reversal of possibly a large number of spins relative to the ν = 1 state [11] . Such a quasiparticle or quasihole is generically called a (QP-or QH-) skyrmion [12, 13] .
Let us first set the Zeeman energy equal to zero. Then, the total angular momentum L and the total spin S are good quantum numbers.
At ν = 1 (N φ = N −1), the ground state is fully polarized, as one might have anticipated from Hund's first rule. However, the Hund's rule is maximally violated just one flux quantum away, at N φ = N (or N φ = N − 2, which is related to N φ = N by an exact particle-hole symmetry in the lowest LL); here the ground state has total spin S = 0 and the total orbital angular momentum L = 0 [11] . In fact, the spectrum here contains a low energy branch of states with quantum numbers (L, S) = (0, 0),
) (with N taken to be an even integer for convenience), satisfying the property L = S [14] [15] [16] . The existence of this 'skyrmion' branch can be understood as follows. Consider a hard-core delta function interaction. The states in which electrons completely avoid one another irrespective of their spin will have zero interaction energy, and will be referred to as 'hard-core' states.
It has been known from numerical diagonalization [11, 14] , and also proven analytically [16] , that for N φ = N, the hard-core states occur at precisely the quantum numbers given above. Further, it has also been confirmed numerically that the low-energy eigenstates of the Coulomb interaction are indeed almost identical to the hard-core states [14] (although the longer range part of the Coulomb interaction removes their degeneracy).
The important question then is: What is the energy ordering of these states for the Coulomb interaction? The Hund's rule answers this question successfully, provided it is applied to composite fermions rather than electrons. Repeated applications of the CF transformation, which progressively zooms into the lower energy states, shows that the energy increases with S, consistent with exact diagonalization results [14] .
The hard-core wave function of the ν = 1 skyrmion is determined completely by symmetry (i.e., is independent of the strength of the delta function interaction), since there is only one hard-core state for any given set of L, S, L z and S z quantum numbers. We proceed to study large systems using the the hard-core wave function for the QH-skyrmion proposed by MacDonald, Fertig, and Brey [16] . For R reversed spins (relative to the fully polarized quasihole), this wave function is given by
where ↑ and ↓ denote up and down spins, j's denote particles other than i 1 , ..., i R , and Φ 1 is given by
Ψ SK has a well defined S in the limit of large N [16] . For the spherical geometry, the product
..u i R , where u and v are spinor coordinates [10] , and
which is the wave function of the lowest filled LL in the spherical geometry.
We have computed the Coulomb energy of Ψ SK (R) for several values of N by Monte Carlo, shown in Fig. 1 [17] . The results are reasonably close to the thermodynamic limit, especially for the energy differences between different R (for small R). The energy of the 50 electron system is well approximated by (in units of e 2 /ǫl)
It approaches 0.313e 2 /ǫl in the limit of large R, in agreement with the result of Ref. [13] .
At strictly zero Zeeman splitting, the skyrmion ground state is a spin singlet, i.e., it involves a spin-reversal for half of the electrons. However, this limit is academic, since, even for a very small Zeeman energy, the lowest energy state of the skyrmion has only a finite number of reversed spins, as anticipated theoretically by Fertig et al. [18] and confirmed in several recent experiments [19] [20] [21] . In the presence of a finite Zeeman energy, a term g * µ B BR
[22] must be added to E (0) (R) to get the full energy E(R). For parameters appropriate to GaAs (Lande-g factor g * = 0.44, effective electron mass m * = 0.067 m e ), and converting all
measured in Tesla), the total energy of the skyrmion is given by
The magnetic field above which the minimum occurs at R = 0 (i.e., the quasihole is fully 
To take some typical values, for B = 2 T and 7 T the skyrmion is found to have R ≈ 7.8 and 4.5 reversed spins, respectively, in good agreement with previous theoretical [18] and experimental [19] [20] [21] results. Note also that spin-reversal produces a substantial correction to the R = 0 QH energy; already for R = 8, the energy is quite close to E 1 (R = ∞).
C. Skyrmions near ν = 1/3 and ν = 1/5
Now we come to the skyrmion excitations near the ν = 1/3 state. We first set the Zeeman splitting to zero. At precisely ν = 1/3, the system is equivalent to ν * = 1 of composite fermions, and is thus expected to be fully polarized, as found in numerical studies. The To further ensure the validity of the CF mapping, we construct CF wave functions for the skyrmion at each (L, S). It was shown in Ref. [23] that at small Zeeman energies, the composite fermions (i.e., fermions at N * φ ) cannot be taken as non-interacting. We consider two types of interactions, Coulomb and hard-core, between them. The 'hard-core' ['Coulomb'] trial wave function for composite fermions is given by Jastrow factor (Φ We note that there is no exact symmetry relating the QP-and QH-skyrmions of the ν = 1/3 state. However, they are related by particle-hole symmetry when viewed in terms of composite fermions, clarifying the physics underlying the similarity between their low energy spectra.
For large N, we use Φ Its energy is shown in Fig. 2 for several values of N. For N = 50: 
As before, adding the Zeeman term, expressing the energy in Kelvins and B in Tesla, we get:
The magnetic field must be less than ≈ 1.6 T to produce any spin reversal. The number of reversed spins can be determined straightforwardly by minimizing E 1/3 (R).
The energy of the skyrmion near ν = 1/5 is estimated for GaAs to be (in K)
from the wave function Φ These results show that the Zeeman energy is much more efficient in reducing the skyrmion size near ν = 1/3 and 1/5. This is not surprising, since the inter-CF interaction at ν * = 1 is much weaker than inter-electron interaction at ν = 1.
The energy of the QP-skyrmion is harder to compute for large N. We only make two observations here. (i) The energies [17] of the QH and QP-skyrmions are equal at ν = 1.
This may suggest that the energies of the two skyrmions should be equal also at ν = 1/3. This is not the case. (If it were, the gap to creating a QP-QH skyrmion pair at ν = 1/3, with zero Zeeman energy, would be ∼ 0.14e 2 /ǫl, inconsistent with other estimates of ∼ 0.024e 2 /ǫl [13, 24] . For six electrons, the gap is 0.010e 2 /ǫl.) The asymmetry can be understood as resulting from the fact that the vortices are attached only to electrons for both the QH-and QP-skyrmions.
(ii) The range over which the QP-skyrmion energy extends, E(0) − E(∞), is estimated to be smaller than that for the QH-skyrmion [24] . (For N = 6, it is 0.011 e 2 /ǫl for the QP-skyrmion as opposed to 0.017 e 2 /ǫl for the QH-skyrmion.) Therefore, any spin reversal on the QP side is expected to require even lower magnetic fields.
D. Conclusion
A priori, one might expect skyrmions near all odd integer and the corresponding fractional filling factors. Experimental results of Schmeller et al. [20] show that the low-energy spectrum at ν = 3, 5, ... does not contain any skyrmion-like states, in accordance with the theoretical expectation [14] , also ruling out any skyrmion-like structure near 3/5, 3/7, 5/7, etc. This leaves the possibility of skyrmions only near ν = 1/(2m + 1). While their observation is in principle possible at ν = 1/3 and 1/5, it would require extremely low density GaAs samples.
Before closing, we note that we have not included above the effects of finite thickness and LL mixing, which are known to alter the QP and QH energies by as much as 50%.
We expect that these should lead to a more or less R independent shift in the finite-size skyrmion energy, and therefore not change the above estimates significantly. This work was 
